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We study a growth model for ideal molecular-beam epitaxial growth, in which landed atoms
relax to local energy minima. In the calculation of the binding energy, we consider the next-nearest-
neighbor interaction as well as the nearest-neighbor interaction. It is considered that this model, a
natural extension of the Wolf-Villain model, is described by the most general continuum equation
up to fourth order for a conservative growth. Numerical simulations on one-dimensional substrates

1

show crossover behaviors of the growth exponents 8 and o ,H! = z and a = 1 change to 8 = ;11-

and a = 1 (Edwards-Wilkinson class) via 8 = 3

3
_ 3
and a = 3. These results are supported by the

calculations of the correlation function and the surface diffusion currents on tilted substrates. We

also give an intuitive argument for these results.
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I. INTRODUCTION

Recently, there has been much interest in kinetic
growth phenomena. Various kinetic growth models and
related continuum growth equations have been investi-
gated numerically and analytically [1]. In particular,
much attention has been paid to the universality class
of various growth models, which is mainly determined
by the values of growth exponents governing the surface
fluctuations. It has been expected that for an initially
flat surface, the root-mean-square value of the surface
fluctuation or the surface width W scales as

W(L,t) = L*f(¢t/L7), (1)

where L is the lateral size of the substrate, ¢t the growth
time, a the roughness exponent describing the saturated
surface, z the dynamic exponent, and the scaling func-
tion f(z) ~ zP (with 8 = a/z) for z < 1 and f(z) —
const for z > 1 [2]. Thus, the surface width W grows as
W(t) ~tP for 1 € t < L? and W(L) ~ L* for t > L*.

More recently, several models are introduced for de-
scribing molecular-beam epitaxial (MBE) growth. Ideal
MBE growth can be regarded as a conservative growth;
there are no desorption and surface overhangs leading
to bulk defects. Chemical-bonding environment is con-
sidered in the models for MBE growth, in which freshly
landed atoms relax into local energy minima [3] or neigh-
boring kink sites [4], instead of local height minima. It is
noted that atoms landing at kink sites [with two nearest
neighbors (NN’s)] can move to empty trapping sites (with
three NN’s) in the Wolf-Villain (WV) model [3], while
they stay at the kink sites in the Das Sarma-Tamborenea
(DT) model [4]. On one-dimensional substrates, WV and
DT obtained growth exponents 3 and « close to 3 = 3/8
and a = 3/2 obtained from Herring-Mullins linear diffu-
sion equation [5]

Oh
5 -1 Vi + 7, (2)
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where h(x,t) is the height of the surface in d = d' + 1
dimension (d' is the substrate dimension) and 7 is an
uncorrelated Gaussian noise.

But other recent works including the measurement
of the surface current [6] and numerical simulations on
two-dimensional substrates [6,7] suggested that the WV
model is governed by the following nonlinear equation:

%% =vVih — 1y Vih + )\1V2(Vh)2 + 7. (3)
Equation (3) without vV2h term was solved to yield 8 =
1/3 and a = 1 (in d' = 1) by Lai and Das Sarma (LD)
[8]. In the presence of the vV2h term, the ¥V2h term
becomes dominant in an asymptotic regime, leading to a
crossover to Edwards-Wilkinson (EW) behavior (8 = 1/4
and @« = 1/2in d’ = 1) [9]. In d’ = 1, the crossover
to EW behavior via LD behavior has been considered
to be difficult to observe due to very small values of v
and A;. Very recently, Smilauer and Kotrla [10] observed
the crossover to the LD behavior. In spite of very large
lateral size (L = 40 000) and long time (¢ ~ 10®) used in
the simulations, it was not sufficient to draw a definite
conclusion for the crossover to the EW class. Since it
takes a very long time to arrive at the saturated regime,
the crossover behavior of a has not been checked yet.

Besides the WV and the DT models, several models
have been proposed to describe MBE growth properly.
For ideal MBE growth, the most general continuum equa-
tion up to fourth order (see Ref. [11] for a brief review)
can be written as

h _ ,vrh - v1VAh + A VE(VR)2 + X,V - (VR)® + 9.

ot
(4)

The (Vh)? term of the Kardar-Parisi-Zhang (KPZ) equa-
tion [12] is not allowed in the continuum equation for a
conservative growth [13]. Since the A,V -(Vh)3 term giv-
ing 8 =3/10 and @ = 3/4 (in d’ = 1) [8] is more relevant
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than the A\;V2(Vh)2 term in the renormalization group
sense, for a model governed by Eq. (4), one can find rich
crossover behaviors; the crossover scenarios are 3/8 —
1/3 =+ 3/10 — 1/4 for B and 3/2 -5 1 — 3/4 — 1/2 for
a.

In Sec. II, we introduce a (1 + 1)-dimensional growth
model governed by Eq. (4), which is a natural extension
of the WV model. In Sec. III, we show the crossover
behaviors mentioned above. For this purpose, we cal-
culate the surface width, the correlation function, and
the surface diffusion currents. Section IV is devoted to a
conclusion.

II. THE MODEL

In the model, freshly landed atoms relax to local energy
minima, where the binding-energy calculation includes
next-nearest-neighbor (NNN) interaction as well as NN
interaction [14]. Considering a square lattice where the x
and y axes correspond to the lateral and the growth di-
rections, respectively, one can see that NNN interaction
includes only diagonal interactions between the landed
atom and the NNN’s in the NN columns. We note that
in the WV model, where an atom relaxes to the site with
the largest coordination number, the binding energy is
calculated within the NN approximation. The NNN ap-
proximation used in this extended WV model is expected
to enhance the vV2h and A; VZ(Vh)? terms, leading us to
observe the crossover behaviors on much smaller length
and time scales than in the original WV model.

Considering the NNN approximation on the square lat-
tice, one can easily find that there are 16 different config-
urations at which the binding energy is calculated. Con-
sideration of reflection symmetry reduces 16 configura-
tions to 10 and the values of the binding energies can be
expressed as N1 E; + N2 E3, where the number of NN's is
N1 = 1,2, and 3 and that of NNN’s is N2 - N1 - 1,N1,
and N; + 1. Here E; is the binding energy between NN’s
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FIG. 1. Possible motions of atoms deposited at the surface
are shown for the extended WV (a) and the WV (b) models.

and FE, that between NNN’s where 0 < FE, < E;. The
NNN interaction removes the degeneracies of the binding
energies (F1,2E, and 3F;) calculated within the NN ap-
proximation. In numerical simulation, an atom is added
to the top of a randomly chosen column. If the binding
energy is the largest at the chosen site, the atom stays,
otherwise it moves to the empty site of the NN column
offering the strongest binding. Figure 1 shows possible
motions of atoms landing at the surface in the extended
WYV [Fig. 1(a)] and the WV [Fig. 1(b)] models.

III. NUMERICAL RESULTS

In this section, we present our numerical results in
d’ = 1. We calculated the surface width W up to the
lateral size L = 2000 with ¢ = 10° and took the sta-
tistical average over 300 to 1000 samples to obtain the
growth exponents by linear regression analysis. In the
simulation, we used the periodic boundary condition.

As seen in Fig. 2, the slope (L = 2000) in the log-
log plots of W vs t, 8 changes from § = 0.329 £ 0.001
to B = 0.255 £+ 0.001 via B = 0.298 £ 0.001. As seen
in Fig. 3, the slope in the log-log plot of W vs L, «
changes from a = 1.02 £ 0.01 to a = 0.52 £ 0.02 via a =
0.76 £ 0.02, where L ranges from 15 to 340. Numerically
obtained values of § and « are in very good agreement
with analytic values in the crossover scenarios proposed
from Eq. (4). The calculation of 8 and a suggests that
the extended WV model is described by Eq. (4).

As seen in the figures, the log-log plots of W vs t and
W vs L do not show the region with 8 ~ 3/8 and that
with @ =~ 3/2 in small length and time scales, that is,
the extended WV model shows the LD behavior at early
times. It is considered that A; is large enough to suppress
the crossover regime from = 3/8 and o = 3/2 to 8 =
1/3 and o = 1. The effect of increasing A; on 3 was
discussed in the nonlinear curvature model by Kim and
Das Sarma [15]. It is also noted that the WV model in
d’ = 2 shows LD behavior at early times [6,7].

The roughness exponent @ > 1 implying unstable
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FIG. 2. The log-log plots of W vs ¢t for L = 100, 200, 400,
and 2000. The slopes of the dotted lines are shown in the
figure.
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FIG. 3. The log-log plot of W vs L. The slopes of the solid
lines are shown in the figure.

growth of the surface has been investigated in recent
works including groove instability [16] and anomalous
scaling behavior [17]. In the extended WV model (re-
gardless of values of E3), o > 1 is not allowed and
a = 1 changes to o = 3/4 at relatively small lateral
size (L ~ 50). Noticing that an arbitrary small NNN
interaction leads to the absence of o > 1 (the hierarchy
of binding energies does not depend on E5), we consider
that the extended WV model with the NNN interaction
is more physically reliable than the WV model with only
the NN interaction from the viewpoint of describing a
real growth process.

The main features of this work are that the A, V-(Vh)3
term is present in the continuum equation [Eq. (4)] and
that the extended WV model shows asymptotic behav-
ior (the EW behavior) at much smaller length and time
scales than the WV model. We support the first by cal-
culating the correlation function G(r,t) = ([h(ro,t) —
h(ro + 7,t)]?), where () denotes a spatial average, and
the second by measuring the surface diffusion currents.

As seen in Fig. 4, the scaling plot of G(r,t)/r2* as a
function of r /t'/#* with a = 3/4 and z = 5/2 shows a very
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FIG. 4. Scaling plots of G(r,t) for t = 18000 (A), 22000

(O), and 26 000 (¢) with L = 5000 and for ¢ = 30 000 (37) with
L = 2000. Statistical averages were taken over 200 samples.

good data collapse, which yields the consistent results
with a and 3 calculated from the surface width W. This
indicates that the result of § = 3/10 and a = 3/4 at
intermediate times is not an artifact owing to a very slow
crossover from the LD behavior to the EW behavior. As
generally accepted, in the case of @ < 1, the correlation
function gives the same results as the surface width.

Next, we calculate the surface diffusion currents j(m)
on tilted substrates with slope m. The measurement
of the surface current was proposed to determine the
asymptotic behavior of a growth model before its influ-
encing the scaling properties of the surface [6]. When
the surface current is in the downhill direction, it is con-
cluded that the asymptotic behavior is governed by the
EW class. As seen in Fig. 5, the extended WV model
has large surface currents in a downhill direction. This
conforms the crossover to the EW class in the asymptotic
regime. But difficulties for obtaining asymptotic behav-
iors of j(m) prevented us from estimating the value of
v, the coefficient of the EW term. We supported our
main results for the surface width by calculating the cor-
relation function and the surface current. The detailed
results of the correlation function and the surface current
will be published elsewhere.

Finally, we give a simple and intuitive argument for our
main results by comparing with other work. Recently,
Kim, Park, and Kim [18] proposed a model considered
to be governed by the equation

83—}; = —V1V4h + )\1V2(Vh)2 + 7. (5)
In the model, a modification of the restricted solid-on-
solid model [19] (MRSOS), an atom can move to the
nearest site satisfying the restricted solid-on-solid con-
dition, instead of being rejected. It is very plausible to
consider that the extended WV model is described by Eq.
(4), if discrepancies between possible moves of atoms in
the extended WV model and those in the MRSOS model
lead to the ¥V2h and A,V - (Vh)3 terms. Examples are
illustrated in Fig. 6.
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FIG. 5. Surface currents measured on tilted substrates with
slope m. Averages were taken over 10° or 5 x 10° (L = 160)
layers in saturated regimes. Dotted lines are guides to the
eye.
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FIG. 6. (a) Possible motions of an atom landing at the ith
column in the extended WV (solid line) and the MRSOS (dot-
ted line) models. (b) Possible motions of an atom landing at
the ith column where neighboring sites give the same binding
energy.

An atom landing at the ith column moves to the
(¢ — 1)th column in the MRSOS model while it moves to
the (Z + 1)th one in the extended WV model, as seen in
Fig. 6(a). This downward hopping gives rise to the ¥V2h
term. In addition to the »V2h term, the A,V - (Vh)3
term should be included in the continuum equation to
describe the extended WV model. Figure 6(b) shows the
NN columns with the same binding energy 2F; + 2E; ;
an atom deposited at the ith column can move upward or
downward with equal probabilities in the extended WV
model. In the MRSOS model, an atom landing at the ¢th
column moves to the (¢ + 1)th column (downward hop-
ping). The presence of the vV2h term would also make
the atom move downward. Since the (i — 1)th column
offers the largest value (7)z) of the A,V -(Vh)3 term [the
values are 0 at the ith column and A, at the (i+1)th one],
the presence of the A;V - (Vh)3 term can make an up-
ward hopping. The competition of the A,V - (Vh)3 term
with the other ones enables the atom to move upward

or downward with equal probabilities as in the extended
WYV model. Although the above argument is crude and
not sufficient, this shows intuitively that the »V2h and
the A2V -(Vh)3 terms are present in the continuum equa-
tion for the extended WV model [20].

IV. CONCLUSION

In conclusion, we have investigated the extended WV
model, a natural extension of the WV model for MBE
growth. The essence of this extension is that in the
binding-energy calculation, not only the NN interaction
but also the NNN interaction is considered in the ex-
tended WV model while only the NN interaction is con-
sidered in the WV model. We consider that the extended
WYV model is described by the most general equation [Eq.
(4)] for a conservative growth. Thus the asymptotic be-
havior of the extended WV model is governed by the EW
behavior. To our knowledge, the extended WV model is
the first one to show the full crossover behaviors expected
by Eq. (4). We expect that the WV model also shows the
same crossover behaviors as those in the extended WV
model but in a slower manner [21]. In this sense, the
extended WV model is more tractable than the original
WYV model.
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